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REAL ANALYSIS 

UNIT I 

 
CHAPTER I 

 

INTRODUCTION 

 

The real number system is one of the most beautiful systems. It is the foundation 

on which the entire branch of mathematics known as Real analysis rests. Its 

structure serves as a model for many important abstract mathematical systems. 

There are several ways of introducing the real number system. One of the most 

common methods is to begin with the set N of Natural numbers1,2,3……… and 

then use them to construct a larger system Z consisting of the integers.  The 

integers are then used to construct the set Q of rational numbers. Finally the system 

Q is extended further so as to obtain the set R of real numbers.  

CHAPTER II 

 

THE FIELD AXIOMS 

 

There are two fundamental algebraic operations on the set R of real numbers. 

Additive laws 

Al.  Closure for addition  

          The set R is closed with respect to addition. That is, if a and b be any two 

real numbers, then a +b is a unique real number. 

 A2. Associative law of addition  

         The operation of addition in R is associative. That is, for each triple of real 

numbers a, b, c,      a+ (b + c) = (a + b) + c 

A3. Identity element for addition  



         There exists a real number, namely 0(zero), such that 

                          a +0= 0 +a = a for all a   R 

A4. Existence of negatives 

         Corresponding to each real number a, there exists a real number b (called a 

negative of a) such that  

                                    a +b=b +a = 0 

A5. Commutative law of addition 

       For each pair of real numbers a and b, a+b = b +a. 

Multiplicative  Laws 

M1. Closure for multiplication. 

       The set R is closed with respect to multiplication. That is, if a and b be any 

two real numbers, then ab is a unique real number. 

M2. Associative law of multiplication  

       The operation of multiplication in R is associative. That is for each triple of 

real number a,b,c    a(bc)=(ab)c 

M3. Identity element for multiplication  

       There exists a real number namely 1 such that 

                      a.1 = 1.a = a for all a   R 

M4. Existence of inverses  



            Corresponding to each a    R, a≠0 there exists b  R (called an inverse of a) 

such that ab= ba = 1. 

M5. Commutative law of multiplication 

   For each pair of real numbers a and b,  ab = ba. 

D. Distributivity of multiplication over addition  

          Multiplication distributes itself over addition. That is, for each triple of real 

numbers a, b, c.  a(b + c) = ab + ac. 

From the properties A1-A5, M1-M5 and D, we say that the 

real numbers form a field with respect to addition and multiplication. Infact, any 

mathematical system satisfying the above properties is called a field. Some 

familiar examples are: 

(i) the field Q of all rational numbers; 

(ii) the field C of all complex numbers. 

CHAPTER III 

THEOREMS ABOUT FIELD PROPERTIES 
 

Theorem 3.1 

 

There can exist at the most one identity element for addition in R. 

 

Proof. 

 

 If possible, let there be two real numbers 0, 0' such that for each x in R 

 

x+0 =x,   x+0’ =x.  



 

Since x+0 =x    for all x in R. therefore, in particular, 

 

0'+0 = 0'.                              ..(i) 

 

Again, since x + 0’ =x for all x in R, therefore, in particular, 

 

 0+0' = 0. .                            ..(ii) 

 

By C.L A in R. it follows from (i) and (ii). That is 

 

0' =0'+ 0= 0 +0' = 0 which implies that 0’=0. 

 

Hence there can exist at the most one identity element for addition in R. 
 
  

Theorem 3.2 

 

To each x in R, there corresponds one and only one real number y, such that  x+y = 

y+x = 0. 

 

Proof.  

 

If possible let y1, y2 be two real numbers such that, 

 

x+ y1 = y1+x=0,    x+ y2 = y2+x=0 

 

Then     y2 = y2+0 

 

                 = y2+( x+ y1 ) 

 

                 = (y2+ x)+ y1 

 

                =0+ y1 

 

                        = y1 

 

Theorem 3.3 
 

If x, y, z be real number such that x+z=y+z , then x = y. 
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Proof.  Let - z be the negative of z.  

 

Then x =x +0.  

 

         =x+ (z+(-z))  

 

        = (x+ z) +(-z).  

 

        = (y + z) +(-z).  

 

        = y + (z+(-z)).  

 

        =y + 0. 

 

       z =y.  

Hence Proved. 

 

  Theorem  3.4 For each real number x, 

 

      i) - (-x) = x 

 

     (ii) - (x+ y) = (-x) + (-y).  

 

Proof  

 

(i) If the negative of - x be denoted by z, then – x +z =0. 

 

              x = x + 0                     [by the property of 0] 

 

                 =x+(-x+ z)               [proved] 

 

                 = (x +(-x)) + z         [by A.L.A. in R] 

 

                 = 0 +z                      [by the property of negative] 

 

                 =z                            [by the property of 0] 

 

                 = - (-x).  



 

- (x +y) = 0 +0 +-(x +y), 

 

            = x+(-x) + y +(-y)] + -(x +y)]. 

 

            = (x + y) + [-(x + y)] + [(-x) +(-y)]. 

 

            = 0+ [(-x)+-y)1. 

 

            = (-x) +(-y).  

 

 

Theorem 3.5 

 

There can exist at the most one identity element for multiplication in R. 

 

Proof. 

 

 If possible, let there be two real numbers u, u such that 

 

for each x in R, xu = x,  xu' = x. 

 

Since xu = x for all x in R, therefore, in particular,  

 

                               u'u = u'.                                             (i) 

 

Again, since xu' = x for all x in R, therefore, in particular, 

 

                          uu'=  u'.                                                  (ii) 

 

By C.L.M. in R, it follows from (i) and (ii), that 

 

 u'= u'u = uu' = u. 

 

Theorem 3.6 

 

To each x in R, x≠ 0, there corresponds one and only one real number y such that 

xy= yx = I. 

 

Proof. If possible  let y1. y2 be two real numbers such that for each x in R  



                                   x y1=y1x=1 

 

                                   x y2=y2x=1 

 

                           Then y2=y2.1 

 

                                       =y2(x y1) 

 

                                       = (y2x) y1 

 

                                       =1. y1 

 

                                                             = y1 

 

The above theorem implies that for each x in R, x≠ 0, there exists a 

unique element y in R such that xy = 1 

 

Theorem 3.7     x.0 = 0for all x in R. 

 

                  x.0=x.(0 +0),                       [by the property of zero] 

   

                       =x.0+x.0.                        [by D.M.A. in R). 

 

Thus x.0+x.0  =x.0, 

 

                        =x.0+ 0.                         [by the property of zero] 

Therefore, 

 

- (x.0) + (x.0+x.0) =- (x.0) + (x.0+0).   [ by adding- (x.0) to both sides] 

 

 

 (-(x. 0)+ . 0) +x.0=(-(.x.0) +x. 0) + 0, [by A.L.A. in R] 

 

0+x.0=0+0,                                           [by the property of negative] 

 

x.0= 0.                                                  [by the property of zero] 

 

Theorem 3.8 

  



 

 If x, y be real numbers such that xy= 0, then either x= 0 or y = 0. 

 

Proof.  

 

If x =0, we have finished. If x≠0, then by M4, x-1 exists. 

 

Now xy = 0 implies that x-1(xy) = x-1.0 = 0,        [by theorem 3.7] 

 

            (x-1x)y=0,                                                 [by A.LM. in R] 

 

                 1y = 0,                                                 [by the property of inverse] 

 

                   y =0.                                                  [by the property of 1] 

 

Theorem 3.9 (Cancellation Law of Multiplication). 

 

If x, y, z be real numbers such that xz = yz and z ≠ 0, then x = y. 

 

Proof. 

 

[x +(-y)]z = xz +(-y) z              [ by D.M.A. in R] 

 

                =yz +(-y)z                [since xz= yz] 

 

                = [y +(- y)] z.           [by D.M.A. in R] 

 

                =0.z,                         [by the property of negative] 

 

                 = 0.                          [ by theorem 3.7] 

 

But z ≠0. 

 

    x+(-y) = 0,                                [by theorem 3.8] 

 

               =y+(-y).                         [by the property of negative] 

 

Hence  x = y.                                [by Can. L.A.in R] 

 

Theorem3. 10 
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 For all x, y in R,(i) x(-y) =- (xy) ; (ii) (-x)y=- (xy); (iii) (-x)(-y) = xy. 

 

Proof. (i)   

 

The result is equivalent to saying that x(- y) is the negative of xy. 

 

 We must therefore show that the sum of xy and x(-y) is  zero. 

 

Now x(-y) + xy = x[(-y) +y].         [by D.M.A. in R] 

 

                         = x.0,                     [by the property of negative] 

 

                          = 0.                       [by theorem 3.7] 

 

Therefore x(-y) =-(xy). 

 
 

Proof .(ii)  

 

      (-x)y = y(-x),                            [by C.L.M. in R] 

 

               = - (yx),                            [by(i)] 

 

               = - (xy).                            [by C.L.M. in R] 

 

Proof .(iii)  

 

       (-x)(-y) = - [(-x)y].                  [ by (i)] 

 

                    = - [- (xy)].                 [by (ii)] 

 

                   = xy.                             [by theorem 3.4] 

 

 Subtraction and division in R 

 

The operations of subtraction and division in R can be defined in terms of the 

operations of addition and multiplication. 

Definition 1  

  



 

 The difference between two real numbers x and y is given by x + (-y), and is denoted 

by x -y. The operation of finding the difference is called subtraction. 

 

Definition2 

 

 The quotient of a real number x by y (y≠ 0) is given by xy-1, and is denoted by x/y or 

x÷y. The operation of finding a quotient is called division. 

By the property of 1, it is immediate that for each non-zero real 

number y, 1.y=1.y-1= y-1. 

 

CHAPTER IV 

ORDER IN R 
 

We now propose to give axioms for a relation, to be called greater than' ('>' in 

symbols), between pairs of real numbers, which may fit in with our intuitive notion 

of 'greater than' in elementary arithmetic. 

O1. Law of Trichotomy  

Given any two real numbers  a, b one and only one of the following holds: 

a> b, a =b, b > a. 

O2. Transitivity.  

For each triple of real numbers a, b, c, if a >b, b>c  then a >C. 

O3, Monotone property for addition.  

For all real numbers a, b and a>b,   a +c >b + c. 

O4, Monotone property for multiplication. 



 For all real numbers a and c, a >b and c >0 implies that  ac > bc. 

Because of the properties O1-04, we say that the field of real numbers is ordered. 

In fact, any field satisfying the properties O1-04 is called an ordered field.  

Besides the ordered field of real numbers another familiar example of an ordered 

field is that of the set Q of all rational numbers. The set C of complex numbers is 

an example of a field which is not ordered. 

POSITIVE NUMBERS 

Definition 1  

A real number a is said to be positive if a > 0.The following theorem gives another 

version of the law of trichotomy. 

Theorem 4.1 

 For each real number a, one and only one of the following holds 

a>0, a = 0, - a> 0. 

Proof.  

In view of O1, it suffices to prove that 0 > a  iff  - a> 0. 

Now 0>a  implies that  0 +(-a) > a +(- a)  iff - a >0. 

Also, - a> 0 implies that  (-a) + a >  0+a implies that 0>a. 

Theorem 4.2 lf a, b be positive real numbers, then a +b is positive real number. 

Proof.  

                   a >0 implies that  a +b>0 +b,                  [by O3] 

                           implies that  a+b>b>0.                    [ since b >0] 

Theorem 4.3 If a, b be positive real numbers, then ab is a positive real number. 

Proof.    a> 0 and b>0 implies that  ab > 0.b.             [by O4] 

  But 0.b= 0. Therefore, we have ab > 0. 



THE ORDER RELATIONS 

Definition2 

  

A real number a is said to be less than b (written a< b) if b>a. 

 

A real numnber  a is said to be negative if a < 0. 

 

Theorem 4.4 

 

 Given any two real numbers a, b, one and exactly one of the following holds 

a<b, a =b, b < a. 

 

Theorem 4.5 

  

For all real numbers a, b and c, a < b  iff  a+c < b+c, 

 

                                     a <b and c <0  iff   ac > bc. 

 

Theorem4. 6  

For each real number a, one and only one of the following holds:   

 

                              a<0, a =0,-a< 0 

 

Theorem 4.7            a <0, b <0  iff  a+ b < 0 and ab >0. 

 

Deflnitlon 3.  

 

A real number a is said to be greater than or equal to b (written a ≥ b) 

 if either a > b or a = b. 

A real number a is said to be less than or equal to b (written a ≤ b) 

if either a < b or a = b. 
 

 

 

 



CHAPTER V 

ABSOLUTE VALUE 

Definition 1 

 

If x be a real number ,then its absolute value denoted by |𝑥| is defined by the rule 

 

    Ixl =   x    if    x≥0 

 

    Ixl =  -x    if    x<0 

 

We may observe that Ixl is defined for every x in R. 

 

Also, x1 =x2  implies that |𝑥1| = |𝑥2| 
 

 Theorem 5.1 

 

 For every x in R, Ixl= max. {- x, x}. 

  

Proof. 

 

 By the law of Trichotomy, one and exactly one of the following is true 

 

(i) x>0, (ii) x = 0, (iit) x < 0.  

 

If x  ≥ 0, then  Ixl=x, and x ≥ -x. 

 

If x <  0, then  Ixl= - x, and - x>x.   

 

Thus in either case, Ixl is the greater of the two numbers x and-x, 

 

That is, Ixl= max. {- x, x}. 

 

Corollary  For every x in  R, x ≤ lxl. 

 

Proof            lx l = max {x, - x} ≥ x. 
 

 
















































































